Abstract-Regular boundary element method is employed for the variational formulation of Helmholtz equation that governs the waveguiding problems. The problems are defined on the boundary as usual, but like in the charge simulation method, the source points associated with the fundamental solutions are allocated outside the domain so that the singular integrals which occur in the standard boundary element procedure can be avoided. First, the formulation is developed for the two-dimensional (2-D) scalar Helmholtz problem solving for the axial components of either electric or magnetic fields. Then the formulation is extended for the analysis of dielectric waveguides of open type incorporating axial components of both electric and magnetic fields, for the solution of the propagating modes which are generally of hybrid types. Very close agreements have been found when the solutions obtained by the present formulation are compared with the ones obtained by different methods. One merit of the extended formulation is that it has been fixed to suppress the spurious solutions.
I. INTRODUCTION ESPITE THE FACT that many things are common
D between the boundary element method (BEM) and the charge simulation method (CSM) [ 11 there exists an underlying difference in their treatment of boundary value satisfaction. In BEM, the boundary of the domain under consideration is divided into elements and the value at an arbitrary point on the boundary is expressed by the proper interpolation of the nodal values. One can then write boundary integral equation associated with the Green functions, resulting in discretized simultaneous linear equations for the nodes. In CSM, a form of linear combination of Green functions is chosen to satisfy the boundary values evaluated at discrete points for the simulated charges arranged outside the domain, along the boundary. One drawback of the BEM is that the kernel of the boundary integral consists of a singular function often difficult to integrate. Under this circumstances, Patterson and Sheikh proposed a regular boundary element method which is the same as the conventional BEM except that the singularity associated with the fundamental solutions is eliminated by shifting the source terms outside the domain as in CSM, obtaining a system of regular boundary integrals. Patterson applied this approach successfully to fluid and elastic problems [2] . Honma also solved convective diffusion problems [3] using the same approach.
The errors of solutions obtained by conventional and regular BEM are known to be pronounced in the vicinity of the ing, Okayama University, Okayama 700, Japan.
boundary, while the same for CSM depend on the locations chosen for the simulated charges. It is therefore necessary to arrange the simulated charges appropriately for obtaining accurate solutions. Taking proper consideration of these things, we have proposed variational boundary element formulations and applied them to the Laplace and Helmholtz problems [4] - [5] . Then in order to avoid singular integrals, we also have developed [6] the variational formulation of regular boundary integrals for the Laplace problems. Here in this paper, we apply the same approach of regular boundary element method based on variational principle to Helmholtz problems.
First, the variational formulation of regular boundary integral is developed for waveguide analysis governed by Helmholtz equation. The formulation is applied to a simple hollow rectangular waveguide and dielectric slab and ridge loaded waveguide, solving for the wave number of the propagating modes which are of transverse type. Then the formulation is shown to be extended for the application to unbounded problems of a dielectric/optical waveguide. As the dielectric waveguides are of open type, the exterior domain is considered to be extended to infinity. The BEM provides advantages right at this point, because it can easily be applied to open-type problems. Sano and Kurazono [7] also used BEM for the open-type eigenvalue problems. For the application to open-type dielectric waveguiding problems, the extensions made in the formulations are: 1) As the propagating modes are hybrid, the variational formulation incorporates the axial components of both electric and magnetic fields which are coupled by the continuity conditions of the electromagnetic fields at the interface between dielectrics; 2) The formulation is modified to yield spurious-free solutions by incorporating explicitly the continuity of the tangential derivatives of the fields. Only the drawback of the present formulation is that as the wave number to be resolved spreads out in the discretized equation in a scattered manner, it must be solved by determinant search technique. where (2) and H,(') are, respectively, the zeroth and first order Hankel function of second kind, and nx and ny are, respectively, the directed cosines, the x and y directed components of the outward unit normal n. Substitution of (5) and (6) in (4) After applying variational principle to (7) by making the functional stationary with respect to a and Q, we obtain
VARIATIONAL BOUNDARY ELEMENT FORMULATION
The equation obtained by eliminating a from (8) and (9) is given by
For the 2-D Helmholtz problem, (10) represent the regular boundary element formulation based on variational principle. Note that as the simulated charges are arranged outside the domain, the kernels involved with (10) do not contain any singular expressions so that the integrals can readily be evaluated.
A. Application to Hollow Waveguides
The application of the regular boundary element formulation of the previous section is made to the modal analysis of hollow waveguiding problem. It is an eigenvalue problem of free vibration type. The eigenvalue formulation correspond to TE and TM mode analysis in accordance with the applied boundary conditions of {i} = 0 and {$} = 0, respectively.
For TE mode, (10) becomes
Here the complex functions [ K ( k ) ]
and {J} are divided into their real and imaginary part as
so that (1 1) can be written [lo] as
The eigenvalues k are are the roots of the determinant Again, considering only the ,real part of the equations corresponding to eigenvalue k , we have For TM mode, (10) becomes
As [GI and (4") are again complex, the roots or the eigenvalues are obtained by the same way as described for TE modes. At this point, a rectangular hollow waveguide is studied and the eigenvalue solutions for the TM and TE modes are compared with the theoretical ones. The matrices [ K ] and [GI become complex quantities as they comprise integrals associated with hankel functions and exponential functions. As the resolving parameter k spreads out in the formulation in a scattered manner, the formulation can no longer be solved by standard eigenvalue solver. Under this circumstances, (1 1) and ( 1 5 are taken to be its solutions at which the determinant of the system matrix becomes zero. Thus, (13) and (14) are solved for k and detailed searching is carried out at the regions where the values of both the determinants approach zero. Fig. 1 sho.ws a rectangular Helmholtz field where the rectangular boundary is shown to be divided into 24 constant elements and the same number of the simulated charges are shown to be allocated outside the domain along the boundary. The determinant values are plotted in Figs. 2 and 3 for TE and TM modes, respectively, for different values of k . The results are compared in Table I with the theoretical ones and the ones obtained by dual reciprocity method (DRM). One of the entries of the DRM column is shown vacant as the solution obtained is far away from the theoretical one.
Next, the eigenvalue solutions of a hollow rectangular waveguide [ known quantities of potential and flux are prescribed. Rearranging (17), we obtain which is of the form
(19) represents the eigenvalue problem defined by simultaneous (lo) , where the boundary conditions are given by (16) . The condition for the nontrivial solution is given by
(20) Fig. 4 shows rectangular Helmholtz field in which the mixed boundary conditions are shown to be prescribed on different parts of the rectangular boundary. The boundary is divided into 16 constant elements and the same number of the simulated charges are allocated outside the domain along the boundary. The variation of the determinant value with respect to the wave number is shown in Fig. 5 . The eigenvalues or the wave numbers for different modes are furnished in Table 11 .
DIELECTRIC LOADED WAVEGUIDES

A. Formulation
An arbitrarily shaped metal walled waveguide is considered which is composed of two homogeneous regions of different Considering the propagation along the axial ( 2 ) direction, the 2-D Helmholtz equation is given by
w is the angular frequency, ,8 is the propagation constant and k is the wave number corresponding to materials that constitute different parts of the inhomogeneous waveguide structure. Here E and p represent, respectively, the permittivity and permeability of the medium, and the subscript i and 0 correspond to the medium i and free-space, respectively. The material properties are defined as E; = E,~EO and pi = p,ipo, where E, and p, are, respectively, the relative permittivity and permeability of the medium.
For the dielectric slab loaded waveguide structure of Fig. 6 which comprises two different material regions, the discretized boundary element formulation is given by Here the subscripts 1 and 2 correspond to the components contributed from medium 1 and 2, respectively, while the subscript I correspond to the components contributed form the interface boundary between the two dielectrics. In the formulation for the TE mode (boundary condition: {a} = { 0}), the necessary continuity conditions required for the coupling along the interface boundary are given by where y = -P Z ( k , 2 E T l -P2)
The above conditions are used to couple the (22) and (23). After some rearrangement, the combined equation is given by
Considering the boundary conditions, k becomes the roots of the determinant Again, the coupling conditions along the interface boundary for TM mode (boundary conditions: {o} = (0)) are $11 = $21 = $1, ( E z 1 = EZZ) 
B. Application to Dielectric Slab Loaded Waveguides
Fig . 6 shows the cross-sectional structure of the dielectric loaded waveguide investigated as a numerical example. Half of the waveguide is filled with dielectric material whose permittivity and permeability are equal to 2.25 and 1, respectively. The other half of the waveguide is assumed to be vacuum. The figure also shows the division of the boundary into 32 constant elements with the same number of simulated charges allocated outside the domain along the boundary. The formulation described in the previous section is solved for the eigenvalues by determinant search technique. By applying the boundary conditions for TE mode ({@} = 0), dispersion characteristics are obtained for the dominant and a couple of higher modes, which are compared in Fig. 7 with the exact ones [13] . Fig. 8 shows the dispersion characteristic for the mode obtained by applying the boundary conditions for TM mode ({$} = 0).
The next example taken for the demonstration is the dielectric ridge waveguide of Fig. 9 . The eigenvalue solutions of the wave numbers are obtained for different values of permittivity of the medium with p = po = 1.0. The solutions are compared in Table I11 with the analytical ones [ 141 and the ones obtained by the TLM method [15] , where it is evident that the present formulation exhibits better accuracy. 
IV. OPEN TYPE DIELECTRIC/~PTICAL WAVEGUIDE
A. Formulation
Considering an arbitrarily shaped inhomogeneous dielectric waveguide, the governing equation for the longitudinal fields (E,, H,) of the guided propagating wave along the z direction is given by the same Helmholtz equation of (21), except that the equations for both fields are now considered simultaneously as
(28) Fig. 10 shows the structure of an axially symmetrical optical waveguide where the region QA constitutes the clad part, and the region O B , the core part of the waveguide. As shown in Fig. 11 , the element divisions for the different dielectric regions are carried out independently allocating the simulated charges separately for both interior and exterior regions. By applying regular BEM based on variational principle, the discretized equations are obtained as follows:
where
In the above equations, the matrices are given by the ones described in Section 11, only that, the superscripts A and B to the fact that the mode propagating through a dielectric waveguide is of hybrid type, having both E, and H,. The final correspond, respectively, to the regions f 2~ and Q B , from bination of E, and H , in the governing equation is due equation is derived from the combination of the discretized (29) and (30) on application of the proper boundary conditions along the interface boundary. The tangential components of the electric and the magnetic fields should be continuous across the interface yielding following matrix equation is derived:
which the matrices are contributed. The need for the com-
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where Et and Ht are the transverse components of electric and magnetic fields, respectively, which are tangential to the boundary. The tangential components of the electromagnetic fields are given in terms of the normal and tangential deriva- solutions are encountered along with the physical ones. This also happens when solved by conventional BEM. As explained by Sano [7] , the reason behind the occurrence of these spurious modes is the lack of continuity of tangential derivatives of the axial fields. Sano has shown that incorporation of the continuity of the tangential derivative of the fields does suppress the spurious modes. As suggested by Sano, we used dE,/dt and dH,/dt as the unknowns instead of E, and H, in the original formulation and as expected, we have also found the solutions completely free of the spurious ones. dE,/dt and dH,/& are given by
where E,(0) and H, (O) are the values of E, and H,, (33) respectively, at the reference point taken on the boundary along the integration path, and the integral is made from the reference point to the point T . For a round path of integration forming a closed loop
The new unknowns introduced are 
B. Applications 1) Circular
Step-Index Fibers: The structure of the axially symmetrical circular step-index fiber is shown in Fig. 10 . For symmetry, one quarter of the structure is taken for simulation by the method described in subsection A. simulation is carried out for the rectangular waveguide shown in Fig. 15 . Again, for symmetry, one quarter of the rectangular structure is considered. As shown for the circular step-index fiber, here, in the same way, the quarter of the rectangular boundary is divided into 10 constant elements and the same number of simulated charges are allocated outside the domains along the boundary. Fig. 16 shows the dispersion curves obtained for the modes E,", and Eg1. For fundamental solutions are located outside the domain, the formulations are enriched with the merit of avoiding singular integrals. Moreover, the boundary element approach has facilitated the formulations rendering an easy application to unbounded structured problems. For the dielectric/optical waveguide analysis, the formulation is fixed to yield spuriousfree solutions. What offsets the merits by a little is that as the parameter to be resolved spreads out in the discretized equation in a scattered manner, the formulations cannot be solved by standard eigenvalue solver but by determinant search technique.
